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Figure 4 establishes that the SAP airfoil � ow is generally better
than that of the � xed shape 8.5 airfoil on the upstroke. The peak
vorticity � ux for the SAP airfoil moves slightly upstream with in-
creasingangleof attack(from x=c D 0:08 to 0.05;Figs. 4b–4d), but it
is lower than that for the shape8.5 airfoil.The largepeakof 225 seen
for the � xed shape 8.5 airfoil close to the leading edge in Fig. 4b
is not observed for the SAP airfoil, even though its instantaneous
shapeof 7.5attaineddynamicallyis veryclose to the � xedshape8.5.
This can be attributed to the extreme sensitivity of the � ow to the
dynamic change of leading-edgecurvature.At ® D 20 deg (Fig. 4d),
the peak vorticity in the SAP airfoil � ow drops to about 50% of that
seen in the � xed shape 8.5 airfoil � ow, occurring at x=c D 0:05. In
this, the peakvorticityoccursaway from the leading edge and is sig-
ni� cantly lower, when compared to the NACA 0012 airfoil before
onset of dynamic stall. This explains why no dynamic stall vortex
was observed in the deforming airfoil � ow. On the downstroke at
® D 19 deg (Fig. 4e), the SAP airfoil� ow vorticitylevel is somewhat
higher and leads the � xed shape 8.5 airfoil, a trend that can be traced
to the peak suction pressurebeing higher during the downstroke for
the SAP airfoil. In Fig. 4f, the values for the � xed shape 8.5 airfoil
are compared at ® D 15:5 deg with the SAP airfoil at ® D 15 deg.
The higher vorticity � ux levels suggest that a somewhat improved
lift performance can be expected from the SAP airfoil due to the
increased circulation due to this vorticity.

IV. Conclusions
1) Compressible dynamic stall has been successfully controlled

usingdynamicshapeadaptation.This requiredaverysmall(0.6-mm)
change in the chord lengthof a dynamicallyadaptiveairfoil thatpro-
duceda nearly150%change in the leading-edgeradiusof curvature.

2) The � ow was found to be dynamicstallvortexfree for M D 0:3,
k D 0:05, and ® D 10C 10 sin!t deg. The favorable effects of dy-
namic shape adaptation realized through changes in the instanta-
neous potential � ow resulted in broader pressure distributionswith
lower peak suction values and led to a redistributionof the unsteady
� ow vorticity. The vorticity levels decreased to values where the
dynamic stall vortex did not form.

3) The peak suction variation loop over the oscillation cycle was
found to be the smallest for the adapting airfoil.

4) The deformation rate, the initiation angle of attack, and the
amount of nose curvature change affect the success of the approach
signi� cantly. The most bene� t is produced while remaining within
the attached� ow envelopefor a givenMach numberduringdynamic
shape adaptation.
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Introduction

T HE Active Rack Isolation System (ARIS) serves as the central
component of an integrated, station-wide strategy to isolate

microgravity space-scienceexperiments on the InternationalSpace
Station (ISS). ARIS uses 8 electromechanicalactuators to isolate an
InternationalStandard Payload Rack (ISPR) from disturbancesdue
to the motion of the ISS; 11 ARIS racks are being developedfor the
ISS. Disturbances to microgravity experiments on ARIS-isolated
racks are transmitted primarily via the (nominally 13) ARIS umbil-
icals, which provide power, data, vacuum, cooling, and other mis-
cellaneous services to the experiments. The two power umbilicals
and, to a lesser extent, the vacuum umbilical, serve as the primary
transmission path for acceleration disturbances.Experimental tests
conductedby the ARIS team1 (December1998) indicate that looped
power umbilicals resonate at about 10 Hz; unlooped power umbil-
icals resonate at about 4 Hz. In either case, the ARIS controller’s
limited bandwidth (about 2 Hz) admits only limited active isolation
at these frequencies. Reduction in the umbilical resonant frequen-
cies could help to address this problem.

Analytical studies of the nonlinear bending and de� ection of a
� exible, linearly elastic, � xed-end, cantilever beam (originally hor-
izontal) have been conducted for a variety of loading conditions,
including concentrated terminal transverse (vertical) loading2 6;
uniformly distributed vertical loading2;7 9; uniformly distributed
normal loading10; concentratedterminal inclined loading11;12; mul-
tiple concentrated vertical loads13; concentrated terminal vertical
and moment loading13; and heavy, rigid, end-attachment loading.14

Reference 15 provided a set of nonlinear equations for the case of a
weightless � exiblebeam, with arbitrary,discrete, in-planeloads and
boundary conditions. Typical exact solutions of beam de� ections
involve complete and incomplete elliptic integrals (for example,
Refs. 2, 4–6, 13, and 14). For literature reviews, see Refs. 16–18.

In the special case of general terminal in-plane loading, that is,
includingboth inclined-forceand moment loads, in-plane � exibility
(or stiffness) equations would be of particular interest toward um-
bilical design for microgravity-isolation purposes. The equations
could be used to help optimize umbilical � exibilities and resonant
frequencies for microgravity applications.

This Notedevelopsequationsfor the in-planede� ectionsand � ex-
ibilities of an idealized umbilical (thin, � exible, prismatic, linearly
elastic, � xed-end, cantilevered,with equal tensile and compressive
moduli of elasticity) under terminal in-planeloading(inclined-force
and moment). The effect of gravity can be neglected due to the on-
orbit application. (Note that the de� ection analysis is a special case
of the treatment presented in Ref. 15.) The de� ection and � exibility
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Fig. 1 Flexible umbilical under end loading.

analysesare applicableto an initiallystraight,cantileveredumbilical
with uniform cross section, which undergoes large de� ections with
no plastic deformation, such that the umbilical terminus remains in
a single quadrant and the umbilical slope changes monotonically.
The analysis would be applicable to the ARIS power and vacuum
umbilicals, under the indicated assumptions.

Problem Statement
Consider an idealized umbilical of length L with endpoints O

and C and arbitrary intermediate point R (Fig. 1). Let R be lo-
cated at distance s along the umbilical, measured from the can-
tilevered end, with coordinates .y; z/; the coordinates of point C
are .yc; zc/. The coordinateshave been chosen to be consistentwith
the coordinate system in use for the existing analyses of ARIS, for
dynamic-modelingand controller-designpurposes;point O , then, is
the umbilicalpoint of attachment to the ISS, and pointC is the point
of attachment to the ISPR. Let » be the angle, at R, of the tangent
to the umbilical; let »c represent the endpoint angle at C . Assume
that » varies monotonically,remaining in the range ¼ · » · 2¼ , and
that the � exural rigidity EI is known.

This Note accomplishes the following fundamental tasks: 1) to
(re)derive,15 in convenientform, geometricequationsfor the umbili-
cal length,coordinatesat arbitrarypoint R, and terminalcoordinates
(at C) and 2) to use these equations to derive useful equations for
the nine in-plane umbilical � exibilities. These 14 equations will be
expressed in terms of the angle »c and of the in-plane loads at C .
The loads are as follows: forces Q y and Qz , in the positive y and
z directions, respectively,and counterclockwise(positive) moment
Mx about the positive x axis.

Equations of Umbilical Geometry
At point R the moment equation is

M D EI
d»

ds
D Mx C Qz.yc y/ Q y .zc z/ (1)

Differentiatingwith respect to s, observing that

dy

ds
D sin » (2)

dz

ds
D cos » (3)

and using the shorthand notation, s» D sin » and c» D cos » , one
obtains

d2»

ds2
D

Q z

EI
s» C

Q y

EI
c» (4)

Integrating Eq. (4) with respect to s yields

1
2

³
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where C1 is an integration constant. At point C , Eq. (1) becomes

Mx D EI
d»

ds
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(6)

Applying this boundary condition to Eq. (5), one has

C1 D 1
2 .Mx=EI/2 .1=EI/

¡
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so that Eq. (5) can now be solved for d»=ds:
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where the radicand
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¢
C .Mx =EI/2 (9)

Equation (8) applies under the assumption that the radicand ´ is
nonnegative,or, equivalently, that d»=ds is nonpositive.

From Eq. (8),

ds D ´
1
2 d» (10)

which can be integrated to yield an expression for the umbilical
length:

L D
Z L

0

ds D
Z
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´
1
2 d» D

Z 2¼

»c

´
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From Eq. (2),

dy D s» ´
1
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so that

y D
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»
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1
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1
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Likewise, Eq. (3) yields

z D
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»
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1
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zc D
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´
1
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Together,Eqs. (11) and (13–16) describe the umbilical geometry as
functions of the terminal angle »c; terminal loads Q y , Q z , and Mx ;
and integration or shape kernel ´.

As a check of the mathematics, one can show straightforwardly
that for the case of a horizontal cantileverwith a vertical point load
at the free end, that is, for Q y and Mx both zero, Eq. (11) simpli� es
to the following:

L D .1=k/K . p/ (17)

where

k2 D
Pz

EI
(18)

K .p/ D F

³
p;

¼

2

´
D

Z
¼=2

0
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1
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K . p/ and F. p; Á/, respectively, are Legendre’s complete and in-
complete elliptic integrals of the � rst kind.13
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For the case of a horizontalcantileverwith a horizontalpoint load
at the free end, that is, for Q z and Mx both zero, Eq. (11) simpli� es
to the following:

L D .EI=Q y/
1
2 [K .p/ F.p; m/] (20)

where

m D sin 1
¡
1
¯

p
p

2
¢

(21)

Equation (20) is the solution previously reported in Ref. 13.

Equations of Umbilical Flexibility
Nature of Dependencies on Flexural Rigidity EI

It will now be shown that, for constant values of L, »c , yc, and
zc , that is, umbilical length and terminal geometry, the following
expressionsare also constants:Q y=EI, Qz=EI, and Mx =EI. This will
have important implications for umbilical shapes and � exibilities.

Consider two umbilicals .i D 1; 2/ of uniform cross section, for
which (as before) the respective tangent angles »i vary monoton-
ically in the range ¼ · »i · 2¼ . Assume also that the umbilicals
have identical lengths and terminal geometriesbut different � exural
rigidities and, in consequence, different (nonzero) terminal loads.
In particular,
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For simplicity, de� ne the following:

®1i D Q yi =.EI/i (30)

®2i D Q zi=.EI/i (31)

®3i D Mxi =.EI/i (32)

so that
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With Eqs. (26–28), Eqs. (22–24) can be rewritten, respectively, as
follows:
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From the orthogonality of the constant (unity), sine, and cosine
functions in Eqs. (34–36), respectively, it follows that

p
´1 D

p
´2 (37)

That is, with uniform cross sections and identical umbilical attach-
ment angles,

L1 D L2

yc1 D yc2

zc1 D zc2

9
=

; )
p
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p
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It can be shown trivially (by simple substitution) that the only if
statement of Eq. (38) is, in fact, if and only if .,/.

Using Eq. (33), one can rewrite Eq. (37) as follows:
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Squaring and applyingorthogonalityas before, one concludesread-
ily that Eq. (39) holds only if .)/ the following are true:

®11 D ®12 (40)

®21 D ®22 (41)

®2
31 D ®2

32 (42)

Again, it can be shown trivially that this relationship is actually if
and only if.

Equation (1), evaluated at point C , leads to the conclusion that
Mx · 0. With Eqs. (32) and (37) (again, evaluated at point C ) this
leads to the following:

p
´1 D ®31 D ®32 D p

´2 (43)

In summary, it has been shown that, for two slender umbilicals
.i D 1; 2/ with 1) uniform cross sections, 2) identical umbilical at-
tachment angles, 3) umbilicals and umbilical termini remaining in a
single quadrant, and 4) respectiveumbilical slopes changing mono-
tonically,
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Because, then, for � xed umbilical length and geometry Q y=EI,
Qz=EI, and Mx=EI are constants, changing the � exural rigidity by
some factor ° changes all of the terminal loads by the same fac-
tor; however, the umbilical shape will remain unchanged [Eqs. (13)
and (15)]. The implications for in-plane umbilical stiffnesses will
be explored in the next section.

Basic Flexibility Equations
For given terminal geometry (»c , yc , and zc ), Leibnitz’s rule can

now be applied to Eqs. (11), (14), and (16) to yield expressions for
the nine in-plane translational � exibilities. For convenience, de� ne
the following normalized loads and � exibility integrals:
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With these symbols, the nine in-plane � exibility equations are as
follows:

@yc

@ Q y
D

1
EI

µ¡
¯6 s»c ¯3

¢ ¡
¯3 s»c ¯1

¢³ s»c C ®3®4¯3

1 C ®3®4¯1

´¶

(56)

@yc

@ Qz
D 1

EI

µ¡
¯5 c»c ¯3

¢ ¡
¯2 c»c ¯1

¢³ s»c C ®3®4¯3

1 C ®3®4¯1

´¶

(57)

@yc

@Mx
D ®3

EI

µ
¯3 ¯1

³
s»c C ®3®4¯3

1 C ®3®4¯1

´¶
(58)

@zc

@ Q y
D 1

EI

µ¡
¯5 s»c ¯2

¢ ¡
¯3 s»c ¯1

¢³ c»c C ®3®4¯2

1 C ®3®4¯1

´¶

(59)

@zc

@ Q z
D 1

EI

µ¡
¯4 c»c ¯2

¢ ¡
¯2 c»c ¯1

¢³ c»c C ®3®4¯2

1 C ®3®4¯1

´¶

(60)

@zc

@Mx
D ®3

EI

µ
¯2 ¯1

³
c»c C ®3®4¯2

1 C ®3®4¯1

´¶
(61)

@»c

@Q y
D ®3

EI

µ
¯3 s»c ¯1

1 C ®3®4¯1

¶
(62)

@»c

@ Qz
D ®3

EI

µ
¯2 c»c ¯1

1 C ®3®4¯1

¶
(63)

@»c

@ Mx
D

®2
3

EI

µ
¯1

1 C ®3®4¯1

¶
(64)

where ®3 and the square-bracketedexpressionsare all invariantwith
EI. This means physically that changing the � exural rigidity by
some factor ° changes all of the in-plane stiffnesses by the same
factor.

Implications for Umbilical Design
The foregoing equations can be used as an aid for designingum-

bilicals to minimize stiffness.First, from Eqs. (44) and (56–64), one
sees that reductions in � exural rigidity will produce proportional
reductions in all terminal loads and in-plane stiffnesses. Second,
for given umbilical length L and endpoint conditions »c , zc , and yc,
Eqs. (11), (14), and (16) can be solvedfor the loads Q y , Q z , and Mx .
These loads can be determined and used iteratively in Eqs. (56–64)
to maximizeumbilical � exibilities(or, equivalently,to minimize the

correspondingstiffnesses) using L as a parameter.Third, the umbil-
ical designer can use the preceding equations to determine optimal
L , »c combinations.Although the angle »c is � xed at about 225 deg
for ARIS (in the home, or centered,position), L and »c optimization
could suggest better angles for future designs.

Conclusions
This Note has presented equations for the shape and � exibilities

of an umbilical on orbit, that is, such that gravity can be neglected,
under general, terminal, in-plane loading conditions of suf� cient
magnitude to cause large deformations.The umbilicalwas assumed
to be initially straight, to have a uniform cross section, and to un-
dergo no plastic deformation. All in-plane stiffnesses were shown
to be proportional to the � exural rigidity EI. An approach was of-
fered for using umbilical length and terminal geometry (endpoint
locations and slopes) to optimize these umbilical stiffnesses. The
basic equations were observed to reduce to known results for spe-
cial loading conditions.

For many umblicals the assumption that the preloaded shape fol-
lows a curved, rather than straight-line, segment is more realistic.
An analysis for such cases should incorporate the prebent umbilical
curvatureas an optimizationparameter, in additionto the lengthand
terminal geometry.
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